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Parametrizing 𝑁 𝜃 in local frame
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𝐡

𝝎

𝛉

𝐧⊥
𝐡

𝝎
𝛉 = (cos θ , sin θ)

𝐧⊥ = (𝐧 ∙ 𝐡, 𝐧 ∙ 𝛚)

𝑁 θ = 𝜽 ∙ 𝐧⊥ = 𝐧 ∙ 𝐡 cos θ + 𝐧 ∙ 𝝎 sin θ



Analytical Point-normal Sampling

14

PDF

Integrate

CDF

Analytical 
sampling

Invert

𝑝𝑁 𝜃 = 𝑎 cos θ + 𝑏 sin θ

𝑃𝑁 𝜃 = 𝑎 (sin θ − sin θmin) − 𝑏(cos θ − cos θmin)

𝛉

𝐧⊥
𝐡

𝝎

θ = arctan
𝑎 𝑐(𝜉) ± sgn(𝑎) 𝑏𝑑

−𝑏𝑐(𝜉) ± 𝑑|𝑎|
𝜉~[0,1)
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Approximated Transmittance/Phase function
Taylor Expansion
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Approximated Product Sampling
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Approximated Product Sampling
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• Do Taylor Expansion of 𝒯𝑇∗𝑃
• Uses [Hart et al. 2020]’s idea

Bezier Warp
Our approximate 

product with 
polynomial

𝜉
𝜉′

𝜃
[0,1)

ℬ𝜌(𝒯T ∗ 𝑁):

ℬ𝑇(𝒯𝜌 ∗ 𝑁):

𝒯T 𝜃 × 𝑁(𝜃)

𝒯𝜌 𝜃 × 𝑁(𝜃)

𝐿 =
𝐿𝑒
ℎ
න
𝜃𝑚𝑖𝑛

𝜃𝑚𝑎𝑥

𝜌 𝜃 𝑇 𝜃 𝑁 𝜃 𝑑𝜃

𝜌 𝜃

𝑇 𝜃



30
0.0380.262 0.0450.143

Equi-angular Ours: ℬ𝑇 𝒯𝜌 Ours: ℬ𝑇 𝒯𝜌 ∗ 𝑁Equi-angular

72 spp 33 spp 25 spp69 spp



31

Equi-angular Ours: ℬ𝑇 𝒯𝜌 ∗ 𝑁Ours: 𝑁
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Summary

• Summary:
• New analytical method to sample cosine foreshortening and distance falloff

• Approximate product sampling via Taylor expansion

• Full approximate product with one warp composition

• Future work:
• Specialize to planar lights, mesh lights, …

• Extend to heterogeneous media

• Handle refractive medium boundaries
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Thank you for your attention :)
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