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Summary of original contributions

• Importance-driven distribution of virtual point lights.

• Importance caching for many-light rendering.
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• Vertex connection andmerging.

• Joint path sampling in participating media.

Thesis outline



Monte Carlo Integration

Random variables

Discrete random variables

X M x′i
i = 1, . . . ,M p(x′i)∈ [0;1] p(x)

X

P(x) = {X ≤ x}= ∑
x′≤x

p(x′),
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X x
X = (X1, . . . ,Xk)

p(x1, . . . ,xk)

P(x1, . . . ,xk) = {Xi ≤ xi i = 1, . . . ,k}
= ∑

x′1≤x1

. . . ∑
x′k≤xk

p(x′1, . . . ,x
′
k).

Continuous random variables

X R
p(x)

x′ [x,x+dx] p(x)dx

P(x) = {X ≤ x}=
x∫

−∞

p(x′)dx′.

X x
X x

a < b

{a≤ X ≤ b}=
b∫

a

p(x′)dx′.

X = (X1, . . . ,Xk) Rk

p(x1, . . . ,xk)

P(x1, . . . ,xk) = {Xi ≤ xi i = 1, . . . ,k}

=

x1∫

−∞

. . .

xk∫

−∞

p(x′1, . . . ,x
′
k)dx′1 . . . dx′k,

{ai ≤ Xi ≤ bi i = 1, . . . ,k}=
b1∫

a1

. . .

bk∫

ak

p(x′1, . . . ,x
′
k)dx′1 . . . dx′k.

X p(x) Ω
µ(x)

P(D) = {X ∈ D}=
∫

D

p(x)dµ(x)

D⊆Ω P(Ω) = 1
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Expected value

Y = f (X)

[Y ] =
M

∑
i=1

f (x′i)p(x′i).

Y = f (X) ∈Ω

[Y ] =
∫

Ω

f (x)p(x)dµ(x).

c

[cY ] = c [Y ],

Y1, . . . ,Yk

[
c

k

∑
i=1

Yi

]
= c

k

∑
i=1

[Yi].

Variance and standard deviation

[X ] =
[
(X − [X ])2]

=
∫

Ω

(
x2−2x [X ]+ [X ]2

)
p(x)dx

= [X2]−2 [X ]2 + [X ]2 = [X2]− [X ]2.

c

[cX ] = c2 [X ].

σ[X ] =
√

[X ].
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Integral estimators

Ω

I =
∫

Ω

f (x)dµ(x).

Î1(X) =
f (X)

p(X)
,

Î1 X Ω p(x)
Î1

[
Î1(X)

]
=

[
f (X)

p(X)

]
=

∫

Ω

f (x)
p(x)

p(x)dµ(x) =
∫

Ω

f (x)dµ(x) = I.

Î1 I
• p(x) = 0 f (x) = 0 f

• p(x) = 0 Î1(X)

I

ÎN(X1, . . . ,XN) =
1
N

N

∑
i=1

Î1(Xi) =
1
N

N

∑
i=1

f (Xi)

p(Xi)
,

N
X1, . . . ,XN ÎN I

[
ÎN(X1, . . . ,XN)

]
=

[
1
N

N

∑
i=1

Î1(Xi)

]
=

1
N

N

∑
i=1

[
Î1(Xi)

]
=

1
N

N

∑
i=1

I = I.

ÎN(X1, . . . ,XN)
︸ ︷︷ ︸

=
1
N

N

∑
i=1

Î1(Xi) =
N−1

N
ÎN−1(X1, . . . ,XN−1)
︸ ︷︷ ︸

+
1
N

Î1(XN)
︸ ︷︷ ︸

.

Ω f (x) p(x)



Chapter : 0RQWH &DUOR LQWHJUDWLRQ

Estimator error and convergence rate

Error

Î I
[
Î
]
= Î− I.

Bias

Î
I

[
Î
]
=

[
Î− I

]
=

[
Î
]
− I.

I

g(x)
f (x)

Mean squared error

[
Î
]
=

[
(Î− I)2]

=
[
Î2]−2

[
Î
]

I + I2

= (
[
Î2]−

[
Î
]2
)+(

[
Î
]2−2

[
Î
]

I + I2)

=
[
Î
]
+

[
Î
]2
.
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[
Î
]
=
√ [

Î
]
=
√ [

Î
]
+

[
Î
]2
.

ÎN

[
ÎN
]
=

[
ÎN
]
=

[
1
N

N

∑
i=1

Î1(Xi)

]
=

1
N2

N

∑
i=1

[
Î1(Xi)

]
=

1
N

[
Î1(X1)

]
,

Î1

[
ÎN
]
= σ

[
ÎN
]
=

1√
N

σ
[
Î1(X1)

]
.

ÎN N

lim
N→∞

{
ÎN−E

[
ÎN
]
≤ t σ

[
ÎN
]}

=
1√
2π

t∫

−∞

e−x2/2 dx.

N ÎN

Efficiency

ε
[
Î
]
=

1[
Î
] [

Î
] ,

[
Î
]

Î

Consistency and convergence rates

lim
N→∞

{
ÎN− I = 0

}
= 1.
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N→∞
O(N−1/2)

Sampling random variables

y Y

Transforming between distributions

X
Y T

Y = T (X),

T X Y
T X

Y T
X Y

PY (y) = PY (T (x)) = PX(x).
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y

p(y) =
p(x)
|JT |

,

|JT | T X Y
|JT |=

∣∣∣ dy
dx

∣∣∣

CDF inversion method

p(y)
X T Y

y = T (x) = P−1
Y (PX(x)),

P−1
Y Y

ξ [0;1]

y = P−1
Y (ξ),

ξ

Multivariate distributions

p(y1, . . . ,yk)

p(y1, . . . ,yk) = p(y1, . . . ,yk−1)p(yk|y1, . . . ,yk−1),

p(y1, . . . ,yk−1) y1, . . . ,yk−1 p(yk|y1, . . . ,yk−1)
yk y1, . . . ,yk−1 yk

p(y1, . . . ,yk−1) =
∫

Ω

p(y1, . . . ,yk)dyk.

p(y1, . . . ,yk) = p(y1)p(y2|y1) . . . p(yk|y1, . . . ,yk−1).

p(yi|y1, . . . ,yi−1) =
p(y1, . . . ,yi)

p(y1, . . . ,yi−1)
=

p(y1, . . . ,yi)∫
Ω p(y1, . . . ,yi)dyi

,

p(x) p(y) pX (x) pY (y) X Y
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i = k
∫

Ω p(y1, . . . ,yi)dyi
p(yi−1| . . .)

y = (y1, . . . ,yk) p(y1, . . . ,yk)
ξi yi

yi
p(x,y)

p(x,y) = p(x)p(y|x) = p(y)p(x|y).

x y
x

Global vs. local sampling

y

yi
yi

yi

Other methods

p(x)
q(x)
c p(x)≤ cq(x) ∀x∈Ω cq(x) p(x)

xi q(xi)

ξ ∈ [0;1) xi p(x) ξ≤ p(xi)
cq(xi)

q(x) c cq(x)
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p(x) p(x)

p(x) f (x)
{Xi}N

i=0 X0 Xi
Xi−1 X ′i

Xi Xi−1 X ′i f (Xi−1)
f (X ′i ) Xi−1 X ′i X ′i Xi−1

N→∞

{Xi}N
i=0

Variance reduction techniques

N

N
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Stratified sampling

p(x) = 1/|Ω| |Ω|
Ω

[0;1)

Ω N Ω1, . . . ,ΩN

Adaptive sampling

Russian roulette and splitting
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Î

Î =

{
1
p Î ξ < p
0

ξ∈ [0;1)
Î

p ∈ (0;1] Î

Î Î

Î(X1, . . . ,Xk)

Î (X1, . . . ,Xk) =
1
N

N

∑
i=1

Î(X1, . . . ,Xs,Xs+1,i, . . . ,Xk,i),

s N
k− s N

Î Î

s

Î

Importance sampling

f (x) p(x) f (x)

f (x)
p(x) = c f (x)

c =
1∫

Ω f (x)dµ(x)

p(x)

Î(X) =
f (X)

p(X)
=

1
c
,
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X

c
p f

f

Mixture importance sampling

Î (X) =
f (X)

∑n
i=1 wi pi(X)

p(x) =∑n
i=1 wi pi(x) wi≥ 0 ∑n

i=1 wi = 1
pi wi

p
ni = wiN N = ∑n

i=1 ni

ÎN =
1
N

n

∑
i=1

ni

∑
j=1

f (Xi, j)

pi(Xi, j)
.

Xi, j pi
N

pi

Multiple importance sampling

n

ÎN =
n

∑
i=1

1
ni

ni

∑
j=1

wi(Xi, j)
f (Xi, j)

pi(Xi, j)
,
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wi pi ni
pi wi

• ∑n
i=1 wi(x) = 1 f (x) ̸= 0

• wi(x) = 0 pi(x) = 0

wi(x) =
[ni pi(x)]β

∑n
k=1[nk pk(x)]β

,

β≥ 0 β = 1

ÎN =
n

∑
i=1

1
ni

ni

∑
j=1

ni pi(Xi, j)

∑n
k=1 nk pk(Xi, j)

f (Xi, j)

pi(Xi, j)
=

1
N

n

∑
i=1

ni

∑
j=1

f (Xi, j)

∑n
k=1(nk/N)pk(Xi, j)

,

N = ∑n
k=1 ni

wi(x) =

{
1 ni pi(x) = maxk [nk pk(x)] ,
0

f (x)
x

n

Î = wI(XI)
f (XI)

cI pI(XI)
.

I ∈ {1, . . . ,n}
{c1, . . . ,cn} ci pi ∑n

i=1 ci = 1
XI pI

wi

wi = ci

wi(x) = 0 pi(x) = 0
x i
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x





Mathematical Models
of Light Transport

Light models
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Basic radiometry

Radiant power or flux

Φ =
dQ
dt

.

Irradiance and radiosity

x

E(x) = dΦ
dx

,

dx B

x / 2
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Radiance

dω

ω
sinθdφ

dθ

nx

x

|cosθ|dω
φ

θ

Figure :

x ω

/( · 2)

L(x←ω) = d2Φ
|cosθ|dxdω

.

dω

dω = |sinθ|dθdφ,

cosθ = nx ·ω nx x

L(x←ω) L(x→ω)
x

Importance

W

Wavelength dependency and color

L(x←ω) =
∫

L(x←ω,λ)dλ.
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L L L

L (x←ω) =
∫

R(λ)L(x←ω,λ)dλ,

R(λ) L L

R G B
L L L

L
L L L

Luminance

L L
L

[L] = 0.21L +0.72L +0.07L .

Emission, propagation, and scattering
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ωo

ωi ωo
ωyx

ny

ωxy

nx

ωo

ωo

Surface emission Vacuum propagation Surface scattering

Medium propagation Medium scatteringMedium emission

±
absorption

out-scattering

x

x

x y

x y
ωyxωxy

x

ωi
x

Figure :
x

y

Emission

L (x→ω)
x ω

W (x→ω)

Vacuum propagation

x y
x y

L(x→ωxy) = L(y←ωyx),

x ωxy y
y ωyx

dωxy = dy
|ny ·ωxy|
∥x−y∥2 ,

ny y x y

d2Φ
dxdy

= L(x→ωxy)G(x,y).
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G

G(x,y) =
|nx ·ωxy||ny ·ωyx|
∥x−y∥2 .

Medium propagation

σ

σ σ

σ (x) = σ (x)+σ (x)

T (x,y) = e−τ(x,y) = e−
∫ ∥x−y∥

0 σ (x+tωxy)dt ,

τ(x,y)
x y τ(x,y) = σ ∥x− y∥

[0;∞)
T (x,y) ∈ [0;1] σ = 0

Visibility

σ =∞
T (x,y) x y

V (x,y) =

{
1 x y
0
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x y

d2Φ
dxdy

= L(x→y)G(x,y)T (x,y)V (x,y).

y x L(x→y) L(y→x)

Surface scattering

ω
x ω

ρ (x,ω ,ω ) =
dL(x→ω )

L(x←ω )|nx ·ω |dω
.

ω
ω ω ω

ω ω

•

α (x,ω ) =
∫

S

ρ (x,ω ,ω )|nx ·ω |dω ≤ 1,

S α (x,ω )
ω x

•

ρ (x,ω ,ω ) = ρ (x,ω ,ω ).
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ωi
nx

θi

θo
x

ωo

ωo

ωi θθ
nxωo

ωi

Glossy reflectionDiffuse reflection Specular reflection Specular transmission

Isotropic scattering
(g = 0)

Anisotropic scattering
(forward, g > 0)

Anisotropic scattering
(backward, g < 0)

x

ωo
ωi

x

x

x

ωoωi
x

ωo
ωi

x

ωo

ωi

Figure :

BSDF classification

Medium scattering

α (x) = σ (x)
σ (x)

=
σ (x)

σ (x)+σ (x)
.

ρ (x,ω ,ω ) =
dL(x→ω )

L(x←ω )dω
,
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ω ω

ρ ≡ 1/4π

ρ (ω ,ω ) =
1−g2

4π [1+g2−2g(ω ·ω )]1.5
.

g g = 0
g

Integral formulation of light transport

The measurement equation

I =
∫

M

∫

S

W (x→ω)L(x←ω)|nx ·ω|dωdx,

M
W

L(x←ω)

The surface rendering equation

L(x←ω) x ω
y −ω

L(x←ω) = L(y→−ω) = L(r(x,ω)→−ω),
y y = r(x,ω) r(x,ω)

x ω
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x ω

L(x→ω ) = L (x→ω )︸ ︷︷ ︸ + L (x→ω )︸ ︷︷ ︸ .

x
x

L (x→ω )︸ ︷︷ ︸=
∫

S

ρ (x,ω ,ω )L(x←ω )︸ ︷︷ ︸ |nx ·ω |dω

=
∫

S

ρ (x,ω ,ω )L(r(x,ω )→−ω )︸ ︷︷ ︸ |nx ·ω |dω

=
∫

M

ρ (x,ωxy,ω )L(y→ωyx)︸ ︷︷ ︸
G(x,y)V (x,y)dy.

G(x,y)
V (x,y)

x
x

x

The volume rendering equation

L(x←ω)

L(x←ω) = T (x,y)L(y→−ω)︸ ︷︷ ︸ +

d∫

0

T (x,xt)
[
σ (xt)L (xt→−ω)+σ (xt)L (xt→−ω)

]

︸ ︷︷ ︸
dt,

y = r(x,ω) x ω d =
∥x− y∥ xt = x+ tω x ω

y
x y

xt

L (xt→−ω) =
∫

S

ρ (ωi,ω)L(xt←ωi)dωi.
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Tr×G×V
(x1,x2)

Tr×G×V x3x0 Tr×G×V

(x0,x1)
ρ(x2)

ρ(x3)≡We(x3)

Le(x0)≡ ρ(x0)

medium

surface

x1

(x2,x3)
ρ(x1)

x2

Figure : x = x0x1x2x3

Path integral formulation

I =
∫

Ω

f (x)dµ(x).

x

Ω

x

x = x0x1 . . .xk,

k
Ω

dµ(x) k

dµ(x) = dµ(x0)dµ(x1) . . .dµ(xk),
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x

dµ(x) =

{
dA(x) x
dV (x) x

dA(x) dV (x)
f (x)

f (x) = ρ(x0)T (x0 . . .xk)ρ(xk),

T

T (x0 . . .xk) = T (x0,x1)G(x0,x1)V (x0,x1)
k−1

∏
i=1

ρ(xi)T (xi,xi+1)G(xi,xi+1)V (xi,xi+1).

ρ(xi)

ρ(xi) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

L (x0→ωx0x1) i = 0
W (xk→ωxkxk−1) i = k
ρ (xi,ωxi−1xi ,ωxixi+1) xi

ρ (xi,ωxi−1xi ,ωxixi+1)σ (xi) xi

T (x,y) V (x,y)
G(x,y)

G(x,y) =
D(x,ωxy)D(y,ωyx)

∥x−y∥2 ,

D(x,ω)

D(x,ω) =

{
|nx ·ω| x
1 x

Path classification
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L E D S D
S

L(S|D)∗E
LDDE

L(S|D)∗SDE
L(S|D)∗SDS+E D S





Monte Carlo Solutions
for the Path Integral

Path integral estimators

Î =
f (x)
p(x)

,

[
Î
]
= I x = x0 . . .xk

k f (x)
p(x) = p(x0, . . . ,xk)

x
x

N

ÎN =
1
N

N

∑
i=1

f (xi)

p(xi)
.
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Î =
n

∑
i=1

1
ni

ni

∑
j=1

wi(xi, j)
f (xi, j)

pi(xi, j)
,

n ni
xi, j pi wi

Path sampling techniques

f (x)

f
V G

T ρ

Randomwalks
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Path notation
k x = x0 . . .xk x0

xk
y = y0 . . .yk

z = zk . . .z0
x0 ≡ y0 ≡ zk

xk ≡ yk ≡ z0

x
x

x y z

Subpaths and sampling throughput

x0 . . .xi x

fi(x) =

{
1 i = 0
fi−1(x)ρ(xi−1)T (xi−1,xi)G(xi−1,xi)V (xi−1,xi) ,

pi(x) =

{
p(x0) i = 0
pi−1(x)p(xi|x0, . . . ,xi−1) .

x j

Ci xi
x0 . . .xi

Ci(x) =
fi(x)
pi(x)

=

{
1

p(x0)
i = 0

Ci−1(x)ρ(xi−1)T (xi−1,xi)G(xi−1,xi)V (xi−1,xi)
p(xi|x0,...,xi−1)

.

xi

ρ(x)
x0 xi pX0(x0) pXi|X0 ...Xi−1(xi|x0 . . .xi−1)
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ωxixi+1

ωx0x1

. . . . . .

. . .

x0

xi
ωxi−1xi

Figure :

Emission
x0

p(x0)
ωx0x1 x1

p(ωx0x1 |x0) ρ(x0→ωx0x1)

Propagation

ωxi−1xi

xi−1 xiti

Figure :

(xi−1,ωxi−1xi) xi
ti

T (xi−1,xi)
σ

ti =−
lnξ
σ

,

ξ ∈ [0;1)
σ (x)

T

xi

ti

p(ti|xi−1,ωxi−1xi) =

{
σ T (xi−1,xi) xi

T (xi−1,xi) xi .

T (xi−1,xi) = 1
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xi

p(xi|ωxi−2xi−1 ,xi−1,ωxi−1xi) =

p(ωxi−1xi |xi−1,ωxi−2xi−1)p(ti|xi−1,ωxi−1xi)V (xi−1,xi)
D(xi,ωxi−1xi)

∥xi−1−xi∥2 ,

ωxi−1xi

ωxi−2xi−1 xi−1 xi−1 ≡ x0
xi

xi−1 xi

Scattering
xi ωxi−1xi ωxixi+1 xi

xi+1
xi

p(ωxixi+1 |xi,ωxi−1xi)∝ ρ(xi,ωxi−1xi ,ωxixi+1)D(xi,ωxixi+1),

xi

θ x ix
i+
1

nxi

θxixi+1
xi xi

Figure :

ρ xi ωxixi+1

D
xi

cosθxixi+1 =
1
2g

(
1+g2−

(
1−g2

1−g+2gξ

)2
)
.

xi Ci+1 xi+1 Ci
T (xi,xi+1)
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Termination

Pi = αi xi
αi

ξ ∈ [0;1) ξ < Pi
xi+1 Pi Pi = 1−Pi

Unidirectional sampling

z k

Î (z) = f (z)
p(z)

=
fk(z)ρ(zk)

pk(z)Pk
=

Ck(z)ρ(zk)

Pk
.

zk

Î (z) =
k

∑
i=1

Ci(z)ρ(zi).

i
k i > k

Vertex connection
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light subpath vertex
eye subpath vertex

a) Unidirectional (eye tracing)
(0, k +1)

b) Next event (eye tracing)
(1, k )

VPL

c) Next event (light tracing)
( k, 1)

d) Many-light rendering
(k – 1, 2)

e) Bidirectional path tracing
(s, t)

Figure :

y s z t
ys−1 zt−1 xs,t = y0 . . .ys−1zt−1 . . .z0

k = s+ t − 1
(s, t)

Îs,t (xs,t) =
f (xs,t)

ps,t(xs,t)
=

fs−1(y)Cs−1,t−1(y,z) ft−1(z)
ps−1(y)pt−1(z)

=Cs−1(y)Cs−1,t−1(y,z)Ct−1(z),

Cu,v(y,z)

Cu,v(y,z) = ρ(yu)T (yu,zv)V (yu,zv)G(yu,zv)ρ(zv).

z0

zt−1 ys−1

y0
. . .. . .

Figure :

y z

ps,t(x) = ps−1(y)pt−1(z).

Cs−1,t−1(y,z)
ys−1 zt−1

DD
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a) Unidirectional (eye tracing)

d) Instant radiosity e) Instant radiosity (clamped) f) Bidirectional path tracing

b) Unidirectional + next event c) Next event (light tracing)

Figure :
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Next event estimation

(s, t)
(k+ 1,0) (0,k+ 1)

(k,1) (1,k)

(0,k+1) (1,k)

(1,k)
(0,k+ 1)

LS(S|D)∗E
(1,k)

(k,1)
L(S|D)∗SDE (k,1)

L(S|D)∗SE

Many-light rendering
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The many-light pixel estimator

z = z0 . . .zt−1 t

Î =
1
N

N

∑
i=1

si−1

∑
j=0

Î j,t (yi,0 . . .yi, jzt−1 . . .z0).

zt−1 yi, j N yi = yi,0 . . .yi,si−1 si
t = 2

Î =
M

∑
k=1

1
N

Îjk,t (yik,0 . . .yik, jk zt−1 . . .z0)

=
M

∑
k=1

1
N

Cjk(yik)
︸ ︷︷ ︸

Cjk,t−1(yik ,z)
︸ ︷︷ ︸

Ct−1(z)
︸ ︷︷ ︸

=
M

∑
k=1

h(x,vk),

h(vk,x) M = ∑N
i=1 si

vk≡ yik, jk
x ≡ zt−1 z
Î {yi}N

i=1

Discussion

d vk
x

. . .

Figure :
d = ∥x−vk∥

d∗ = max(d ,d)
d∗
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L(S|D)∗DDS∗E

Bidirectional path tracing

(s= 1, t = 3)

(s= 0, t = 4)

(s= 2, t = 2)

(s= 3, t = 1)
z1

y0

y1
y0

z1z2

x0 x1 x2
x3

y0 y1 y2

z0z1z2
z0

z0

z0

z3

Figure :

(s, t)

k k + 2
(s, t = k− s)

k = 3

Î = ∑
s≥0

∑
t≥0

ws,t(xs,t) Îs,t (xs,t).

(k+1,0)
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diffuse reflection
mirror reflection
diffuse light

Figure :

SDS

L(SD)+SE
(s > 0, t > 0)
DD

SDS

(0,k+1)

SDS

Specialized techniques for participating media
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ωx0x1

ωx3x2x3 x2

x1x0

ωx2x1x2 x1

a) Equi-angular sampling b) Virtual ray lights (VRL)

VRL

connection vertex

tx2x1

tx0x1

tx3x2

θx0

Figure :

Equi-angular sampling

x0x1x2 x0 (x2,ωx2x1)

[0;1] x0 x1
tx2x1

G(x0,x1)
x0 x1

p(tx2x1 |x0,x2,ωx2x1)∝ G(x0,x1) =
1

∥x0−x1∥2 .

θ x0x1
ωx2x1

G(x0,x1)

Virtual ray lights

x1 x2 (x0,ωx0x1)
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Isotropic single scattering Anisotropic double scattering (g = 0.9)

a) Transmittance
 sampling

b) Equi-angular
 sampling

c) Virtual point lights
(VPL)

d) Virtual ray lights
(VRL)

Figure :

(x3,ωx3x2) tx0x1

tx3x2

x1 x2

p(tx0x1 , tx3x2 |x0,ωx0x1 ,x3,ωx3x2) ∝∼ G(x1,x2)ρ(x1)ρ(x2) =
ρ(x1)ρ(x2)

∥x1−x2∥2 .

tx0x1

tx3x2 x1
x1

x0

ρ(x1)ρ(x2) θ
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Photon density estimation

Photon mapping radiance estimator

N

z

L̂ (z→ω ) =
1
N ∑

y∈Pr

Kr(y,z)ρ (z,ωy,ω )Ciy(y),

Pr y r z
ρ z

ωy Ciy(y) y
y Kr r

z

r
r z n

z

z
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light subpath vertex (photon)
eye subpath vertex (query point)

b) Progressive photon mappinga) Photon density estimation c) Bidirectional path tracing

Figure :

Progressive photon mapping

z

z

Probabilistic formulation

ÎN =
1
N

N

∑
i=1

Îri
.
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Îri

ri

ri = r1

√√√√
(

i−1

∏
k=1

k+α
k

)
1
i
,

r1 α ∈ (0;1)

SDS

Îri

Asymptotic performance

[
Îri

]
= O(i1−α)

[
Îri

]
= O(iα−1)

[
ÎN

]
= O(N−α)

[
ÎN

]
= O(N α−1).

[
ÎN

]
=

[
ÎN

]
+ 2 [ÎN

]
= O(N−α)+O(N 2(α−1)),

O(N−2/3) α = 2/3

SDS

SDS
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Other methods

Incident illumination importance sampling

Exploiting coherence
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Density estimation in participating media
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Markov chain Monte Carlo



Importance-driven Distribution
of Virtual Point Lights
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Probabilistic VPL acceptance

Formal derivation

h(x,vk)
P (vk) ∈ (0;1]

Î =
M

∑
k=1

h(x,vk) =
M

∑
k=1

h(x,vk)
P (vk)

P (vk)

=
M

∑
k=1

h(x,vk)
1

P (vk)

1∫

0

χ[0;P (vk)](t)dt,

P (vk) [0;P (vk)]

1∫

0

χ[0;P (vk)](t)dt ≈ χ[0,P (vk)](ξ) =

{
1 ξ < P (vk)

0 ,

ξ ∈ [0,1)

Î =
M

∑
k=1

{
h(x,vk)

1
P (vk)

ξ < P (vk)

0 .
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view frustum
VPL contribution estimation

a) Traditional VPL sampling b) With importance-driven resampling

importance recordrejected VPLaccepted VPL

Figure :

VPL acceptance probability

M
Φ/M Φ

Φ̂ Φ̂k
vk vk

P (vk) = max
(

min
(

M
Φ̂k

Φ̂
, 1
)
, P

)
,

P > 0
P (vk) = 1

P
P ≥ 1

VPL contribution estimation

Φ̂k vk vk



Section : 5HVXOWV

Image luminance estimation

Φ̂ Φ̂
Φ̂

P

Φ̂

Φ̂

Results

Discussion
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c) Sponza (avg. acceptance prob. = 0.25) d) Living room (avg. acceptance prob. = 0.33)

b) EG (avg. acceptance prob. = 0.07)a) EG (traditional VPL sampling)

Figure :

×

P
N P = 0.05 N = 100

Φ̂k
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Importance Caching
for Many-light Rendering
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Algorithm overview

M

Î =
M

∑
k=1

h(x,vk) ≈
m

∑
k=1

h(x,vk)

P(vk|x)
=

m

∑
k=1

B(x,vk)L(x,vk)G(x,vk)V (x,vk)

P(vk |x)
= Î ,

m≪M
P x

h(x,vk) G V
x

vk B L
x vk

B(x,vk) =Ct−1(z)ρ (zt−1,ωzt−2zt−1 ,ωzt−1yik , jk
)

L(x,vk) =Cjk(y)ρ (yik, jk ,ωyik , jk−1yik , jk
,ωyik , jk zt−1)

1
N ·P (vk)

.

x≡ zt−1 vk ≡ yik, jk L
P (vk)

P P
h(x,vk)

vk x
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a) Reference b) Ideal distribution c) Ideal without visibility b) Visibility only

Figure :

Importance caching

r j
h(r j,vk)

vk r j Pj(vk)
Pj

x

x R
r j

d(x,r j) = ||x− r j||+λ
√

1−nx ·nr j ,
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b) Importance cachinga) Importance-driven
VPL distribution

c) Final rendering

importance record

view
frustum

pixel shading point
accepted VPL
rejected VPL zero contribution

non-zero contribution

Figure :

nx nr j x r j
λ

R = 3 λ = 0.5/D D

Î x

x
Pj(vk) r j h(x,vk)

Pj x
r j

r j
h(r j,vk)

r j

x

α
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importance record
pixel shading point

VPL non-zero contribution
zero contribution

a)     : FullF

v2 v2

v2r2r1 x r2 r2r1 r1x x

r2

r1xv1

v1 v1 v1

v3

c)    : BoundedBb)     : UnoccludedU d)    : ConservativeC

Figure : r1
r2 x

F U
B

C
x

VPL sampling distributions

r j vk
P(vk |r j) x

P(vk |r j) h(x,vk)

h(x,vk)
h(r j,vk)

F : Full contribution

r j
h(r j,vk)

F(vk |r j)

h(x,vk)
x F x
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θk

θmin
k dmin

vk

θmin
j

θ j

r j

a) Virtual infinite light b) Virtual point light

region of
influence

r j

︸
︷︷

︸

r j

θ j

vk

Figure : vk
r j

U : Unoccluded contribution

r j x
vk x

V (x,vk) ̸= V (r j,vk) v1
x v2

U(vk |r j) F
F

r j
B(r j,vk)L(r j,vk)G(r j,vk)

B: Bounded contribution
r j x vk

G(x,vk) > G(r j,vk)
h(x,vk)

B(vk |r j) U

B B(r j,vk)L(r j,vk)G (r j,vk) G (r j,vk)
vk x

r j vk G (r j,vk) = cosθ j
θ j nr j r j

vk

G(r j,vk) =
cosθ j cosθk

d2 d = ∥r j−vk∥

G(r j,vk) G (r j,vk) =
cosθ j cosθk

(d )2

r j r j r j
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r j d =max(0,d−r j)
d = ∥r j− vk∥ θk ∆θk = − (r j/d)

θ j r j θ j
∆θ j =−30◦ θ j = 0◦

B

C: Conservative distribution
x

F U B

C

x
C

Bilateral combination of sampling distributions

x R
Î

Î

vk
F U B

C

4R R

R = 3

4R

R
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r1 r2 r3

C

B

U

F
pu
p
f

pb

f/p
f/pu

f/pb

α

0.12

0.02

0.018

0.03

b) Balance heuristic c)    -max heuristica) VPL importance distributions

Figure :

p p
p p f

α

Column combination

R i
wi, j

Îi =
R

∑
j=1

R
ni

ni/R

∑
k=1

wi, j (vi, j,k)
h(x,vi, j,k)

Pi(vi, j,k |r j)
, i = 1, ..,4

P1 = F P2 = U P3 = B P4 = C ni/R R

x
j

wi, j (v) =
Pi(v |r j)

∑R
l=1 Pi(v |rl)

.

Pi(v) =
1
R

R

∑
l=1

Pi(v |rl).

x
Pi

R

Îi =
1
ni

ni

∑
k=1

h(x,vi,k)

Pi(vi,k)
.
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Row combination

Îi
wi

Î =
4

∑
i=1

1
ni

ni

∑
k=1

wi (vi,k)
h(x,vi,k)

Pi(vi,k)
.

wi F U B C

p
p

The α-max heuristic

α

wα
s (x) =

⎧
⎨

⎩
1, wα

i (x) = 0, 1≤ i < s, ps(x)≥ max
s<i≤n

αi pi(x),

0, ,

x ps n pi i
αi ∈ (0;1] αi = 1

α1

α

(αp,αp ) = (1,0.2)
α αp

α

F U B C
F

Distribution optimization

α
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Table : FUBCα

r j
vk Pi F U B C

Pi(vk |r j) wα
i (vk)

vk r j

α

Results

1024×768

Technique comparison

β β = 2
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FUBCα FUBCα
unopt FUBCβ FUCα FCα FCd UBCα CReference RISReference

Figure :

FUBCα

10

F U B C

Figure :
α F 93.8% U

B 3% 0.2% C

C α
α (αF ,αU ,αB,αC) = (1,0.5,0.5,0.3)

F

h(x,vk)
F

FUBCβ FC α

F
C

U
FCα FUCα

FUBCβ FUBCα

B

F U B C 0.05% 20% 454% 50% B
U

FUBCα
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RM
SE
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b) Direct and indirect illuminationa) Direct illumination
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SE
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Figure :
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Numerical convergence
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a) MIS b) RIS c) IC (our) d) IC+RIS (our)

Figure :

Glossy materials

x R r j

d = 1− 1
R

R

∑
j=1

ρ (x,ωr j ,ωx)

ρ (x,ωx,ωx)
,

ωx ωx x ωr j

r j r j

d x
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Reference

DIV IR

RIS PT

Reference

DIV IR

RIS PT

IC        (our)Fα IC        (our)Fα

Figure :
Fα

α F
U B C

High-quality preview rendering

F
α

F

U B C

Fα
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Discussion

M×N × 4×
M N

M N





Vertex Connection
and Merging

SDS

SDS

SDS



path classification combination

our MIS combination4 min 30 min

Figure :

SDS
O(1/N)

SDS
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Photon mapping as a path integral estimator

k

Ik =
∫

Mk+1

fk(x)dµk+1(x),

fk k x = x0 . . .xk
dµk+1(x) = dA(x0) . . .dA(xk)

k Mk+1 =M× . . .×M k+1
x = x0 . . .xk fk(x)

Extended path space formulation

(s+1)
Kr r ys

Îk,s,r =Cs(y)Kr(ys,zk−s)ρ (zk−s,ωys−1ys ,ωzk−szk−s−1)Ck−s(z).

zk−s z k−s+1
Ck−s(z)

Ik,s,r = E
[
Îk,s,r

]
=

∫

Mk+2

fk,s,r(x∗)dµk+2(x∗),

x∗ = x0 . . .x∗s xs . . .xk = y0 . . .yszk−s . . .z0
x∗s xs x∗

Mk+2

dµk+2 fk,s,r

fk,s,r(x∗) = ρ(x0)T (x0 . . .x∗s )Kr(x∗s ,xs)ρ (xs,ωxs−1x∗s ,ωxsxs+1)T (xs . . .xk)ρ(xk),

T ρ

k x∗s
Kr
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r

xs

x∗s xs

xk
xs+1

xs

xs−1

. . . . . .

. . . . . .

. . . . . .
(photon)

fk(x)a) Regular contribution function fk,s,r(x∗)b) Extended contribution function

Fk,s,r(x)c) Reduced contribution function

x0

xk
xs+1xs−1

x0

xk
xs+1xs−1

x0

Figure :

x∗s Kr

Sampling technique for extended paths

Îk,s,r(x∗) =
fk,s,r(x∗)

p(x∗)
.

x∗ = x0 . . .x∗s xs . . .xk = y0 . . .yszk−s . . .z0
y = y0 . . .ys z = z0 . . .zk−s

p(x∗) = ps(y)pk−s(z),

s ∈ [1, . . . ,k− 1]
Îk,s,r

z

x∗s
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Regular path space formulation

Ik,s,r

Ik,s,r =
∫

Mk+1

⎡

⎣
∫

M

fk,s,r(x∗)dA(x∗s )

⎤

⎦ dµk+1(x) =
∫

Mk+1

Fk,s,r(x) dµk+1(x).

x x∗ x∗s
Fk,s,r(x)

x r Mr xs
fk,s,r

Fk,s,r(x) =
∫

Mr

fk,s,r(x∗)dA(x∗s ),

Mr = {x ∈M | ∥xs− x∥ < r} Kr fk,s,r
M r Mr xs

Fk,s,r

Sampling technique for regular paths

x Fk,s,r(x)
xs x = x0 . . .xk

xs−1 xs
x∗s Fk,s,r(x)

Kr
x∗s

x x∗s r
xs

x

p ,s,t(x) = p ,s,t(x)P (x),

p ,s,t(x) x
xs−1 xs
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r
a) Extended path b) Conditionally accepted regular path

. . .

. . .x0

xs−1

xk

xsx∗s(photon)

. . .

. . .x0

xs−1

xk

xsx∗s(photon)

light subpath vertex
eye subpath vertex

Figure :
x∗ k k+ 2

x k+1 x∗s
x∗s r xs

r xs

P (x) = (∥xs−x∗∥< r) =
∫

Mr

p(xs−1→x)dx

≈ |Mr| p(xs−1→x∗)≈ πr2 p(xs−1→x∗),

p(xs−1→x) p(x|xs−1,ωxs−2xs−1)

p Mr
p(xs−1→x)

p(xs−1→x∗s )
Mr xs r

πr2 P
p xs−1

r x∗s
Mr xs−1

P = 1 x∗s

p ,s,t(x) = p ,s,t(x)P (x) = p ,s,t(x)
∫

Mr

p(xs−1→x)dx

≈ p ,s,t(x)
[
πr2 p(xs−1→x∗s )

]
.

k
x∗s

P

[m−2] πr2 [m2]
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xs
x∗s

x∗s
Kr

Fk,s,r(x)

xs
πr2 4

3 πr3 r
xs

πr2 p(xs−1→x∗s )

r

Regular space estimator

Fk,s,r(x)
x∗s

F̂k,s,r(x) =
fk,s,r(x∗)[

p(xs−1→x∗s )∫
Mr p(xs−1→x)dx

] ,

p(xs−1→x∗s ) Mr x∗s

p ,s,t(x)

Îs,t,r (x) =
F̂k,s,r(x)

p ,s,t(x)
=

fk,s,r(x∗)[
p(xs−1→x∗s )∫

Mr p(xs−1→x)dx

]
p ,s,t(x)

=
fk,s,r(x∗)

p(xs−1→x∗s )p ,s,t(x)
= Îk,s,r,

Îs,t,r k = s+ t − 2
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Efficiency of different path sampling techniques

P ≤ 1
r

xs−1 xs−1 P

SDS

xs−1xs

xs−1
DD

∫
Mr

p(xs−1 →x)dx
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diffuse reflection

10K eye paths/pixel 10K eye, 10K light paths/pixel 10K eye, 1.2G light paths/pixel

mirror reflection
diffuse light light subpath vertex

eye subpath vertex

a) Unidirectional sampling b) Vertex merging (w/o path reuse) c) Vertex merging (w/ path reuse)

Figure :
SDS SDS

A combined light transport algorithm

k k+2

k−1

r
r > 0

r
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(s= 0, t = 4)

(s= 2, t = 2)

(s= 3, t = 2)

light subpath vertex
eye subpath vertex

x0
x1 x2

x3

x∗2

x0
x1 x2

x3

p(x3)

p(x3→x2)p(x2→x1)

p(x1→x0)

p(x3)

p(x3→x2)
p(x0 )

p(x1→x∗2)πr2p(x0→x1)

p(x3 )

p(x3→x2)

p(x0 )

p(x0→x1)x0
x1 x2

x3

Vertex connection

Vertex connection

Vertex merging

Figure :
k k = 3 k+2

(k+1,0)
k−1 k−1

Mathematical formulation

(s, t)

C
Îs,t C Îs,t,r

Î =C + C

=
1

n

n

∑
j=1

∑
s≥0,t≥0

w ,s,t(xs,t, j) Îs,t (xs,t, j) +

1
n

n

∑
j=1

∑
s≥2,t≥2

w ,s,t(xs,t, j) Îs,t,r (xs,t, j),

n
n s, t

s t
(v,s, t)

wv,s,t(x) =
nβ

v · pβ
v,s,t(x)

∑
s′≥0,t′≥0

nβ · pβ
,s′, t′(x)+ ∑

s′≥2,t′≥2
nβ · pβ

,s′, t′(x)
,

v
n

n n
n = 1
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! N
r1 α

i

ri = r1
√

iα−1

ri
i−1

i
1
i

!
r

!

!

!

!
∪

!
r

!

Figure :
r1 α

Algorithm
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r

Achieving consistency

r

N

ÎN =
1
N

N

∑
i=1

(C ,i +C ,i) ,

C ,i C ,i
i ri

N→∞

Progressive radius reduction

ri i

ri = r1

√√√√
(

i−1

∏
k=1

k+α
k

)
1
i
.
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a) Asymptotic equivalence b) Rendering consistency c) Image difference
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α = 0.6

Figure :
α

α
×

r1 α ∈ (0;1)
ri = O

(
i

α−1
2
)

ri = r1
√

iα−1.

Asymptotic error analysis

N
O(N−1)

O(N−2/3) α = 2/3

i ri = O(
√

iα−1)

[
Îs,t,r

]
= O(1/r2

i )
[
Îs,t,r

]
= O(r2

i )
ri

[
Îs,t
]
= O(1)

[
Îs,t
]
= 0

[
Îs,t,r

]
= O

(
i1−α) [

Îs,t,r
]
= O

(
iα−1) .

x s t p ,s,t(x) = O(1)
ri p ,s,t(x) = O(r2

i ) = O(iα−1)
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α−1 < 0

w ,s,t(x) =
O(1)

O(1)+O
(
iβ(α−1)

) = O(1)

w ,s,t(x) =
O
(
iβ(α−1))

O(1)+O
(
iβ(α−1)

) = O
(

iβ(α−1)
)
.

β
i

Variance

[
ÎN

]
=

1
N2

N

∑
i=1

( [C ,i]+ [C ,i]) .

C ,i C ,i i
[C ,i] [C ,i]

[
ÎN

]
=

1
N2

N

∑
i=1

[
O(1)O(1)+O

(
i2β(α−1)

)
O
(
i1−α)

]

=
1

N2

N

∑
i=1

O(1)+
1

N2

N

∑
i=1

O
(

i (2β−1)(α−1)
)

=
1

N2 N ·O(1)+
1

N2 N ·O
(

N(2β−1)(α−1)
)

= O
(
N−1)+O

(
N2β(α−1)−α

)
= O

(
N−1) ,

2β(α− 1)−α < −1 β ≥ 1
α ∈ (0;1)

α

Bias

[
ÎN

]
=

1
N

N

∑
i=1

( [C ,i]+ [C ,i])

=
1
N

N

∑
i=1

[
0+O

(
iβ(α−1)

)
O
(
iα−1)

]
= O

(
N(β+1)(α−1)

)
.

α
β > 0 (α−1)< 0
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Iteration 1 Iteration 8 Iteration 64 Iteration 512VMVC

Figure :

Mean squared error

[
ÎN

]
=

[
ÎN

]
+ 2 [ÎN

]

= O(N−1)+O
(

N2(β+1)(α−1)
)
.

α≤ 2β+1
2β+2 O(N−1)

β = 1
α ∈ (0;0.75]

O(N−2/3)
α

Discussion

ri

DD
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Results

Setup

•
•
•
•
•
•
•

SDS SDE

×

≈

n = 1
n ≈

α = 2/3

×
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Visual comparison
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SDDS

3×
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a) VCM vs. PPM difference b) Error convergence plots
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Bidirectional path tracing (BPT) Our vertex connection and merging (VCM)

Figure :

Discussion

Parameter choice

r1 α r1 0.01% − 0.07%

α = 2/3 r1
α = 0.75

Limitations
SDS
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Extended path space formulation
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PPM (73 iterations)
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VM
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VCM relative errorBPT relative error PPM relative error

Structural similarity (SSIM) index HDR Visual Difference Predictor 2 (HDR-VDP-2)
VC/VM contributions in VCM
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BPT-PPM (0.92)

Probability of detection
10

Similarity index
10

MLT-Kelemen (12 min) MLT-Veach (12 min)

BPT-PPM path classification (125 iter.)PT (406 iterations)

PPM (184 iterations)
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VM

VC

1
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0
VCM relative errorBPT relative error PPM relative error

Structural similarity (SSIM) index HDR Visual Difference Predictor 2 (HDR-VDP-2)
VC/VM contributions in VCM

BPT (0.90) Our VCM (0.97)

PT (0.00)

PPM (0.91)

BPT-PPM (0.93)

Probability of detection
10

Similarity index
10

MLT-Kelemen (12 min) MLT-Veach (12 min)

BPT-PPM path classification (59 iter.)PT (209 iterations)

PPM (116 iterations)

BPT (5.5) Our VCM (92.6)

PT (1.5)
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BPT-PPM (90.8)
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x = x0 . . .xk k x0 xk
y = y0 . . .ys−1 y0 ≡ x0
z = z0 . . .zt−1 z0 ≡ xk−→pi

←−pi i
(−→pi=

−→pω,i
−→gi

←−pi=
←−pω,i
←−gi
)

−→pω,i
←−pω,i i

−→gi
←−gi

p ,s,t p ,s k s t = k+1−s
p ,s,t p ,s k s t = k+2−s

n n
η = n

n πr2

Table :

Paths
x =

x0 . . .xk k k+1 x0 xk

x f (x) p(x)

x

s y = y0 . . .ys−1 t z = z0 . . .zt−1
y0 z0

x
y z

Forward vertex pdfs

i

−→pi(y) =

{
p(y0) i = 0,
−→pω,i(y)−→gi(y) ,

−→pω,i(y) =

{
p(ωy0y1 |y0) i = 1,
p(ωyi−1yi |yi−1,ωyi−2yi−1) i > 1

−→gi(y) =
|cosθi,i−1|
∥yi−yi−1∥2 .

p(.) p(y0)
y0 ω −→gi
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→p0(z)

(s= 0, t = 4)

(s= 2, t = 2)

(s= 3, t = 2)

light subpath vertex
eye subpath vertex

Vertex connection

Vertex connection

Vertex merging

z0
z1

z0
z1

z0
z1

z2

z3

y0
y1 y2

→p1(z)

→p0(z)
→p1(z)

→p0(z)
→p1(z)

→p2(z)

x0
x1 x2

x3
→p3(z)

→p0(y)
→p1(y)

y0
y1

→p0(y)
→p1(y)

→p2(y)πr2

Figure :

k s
y2

θi,i−1 yi−−−→yiyi−1
−→pi

y s

ps−1(y) = p(y0, . . . ,ys−1) =
s−1

∏
i=0

−→pi(y),

z

Reverse vertex pdfs

←−pi(y) =

{
p(yk) i = k,
←−pω,i(y)←−gi(y) ,

←−pω,i(y) =

{
p(ωykyk−1 |yk) i = k−1,
p(ωyi+1yi |yi+1,ωyi+2yi+1) i < k−1

←−gi(y) =
|cosθi,i+1|
∥yi−yi+1∥2 .

−→pi(y)←−pi(y) yi
yk←−pk(y)≡ p(yk)

z
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Recursive path weight evaluation

Î Î

Î =
1

n

n

∑
j=1

∑
s≥0,t≥0

w ,s,t(xs,t, j) Îs,t (xs,t, j) +

1
n

n

∑
j=1

∑
s≥2,t≥2

w ,s,t(xs,t, j) Îs,t,r (xs,t, j).

n n
n = 1 n

(v,s, t)

wv,s,t(x) =
1

nβ

nβ
v

∑
s′≥0, t′≥0

pβ
,s′,t′(x)

pβ
v,s,t(x)

+
nβ

nβ
v

∑
s′≥2, t′≥2

pβ
,s′,t′(x)

pβ
v,s,t(x)

,

x
v

p ,s,t(x) = ps−1(y)pt−1(z)
p ,s,t(x) = ps−1(y)pt−1(z)πr2,

r

y

( ,s, t) ( ,s, t)

wv,s,t(x)
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Partial subpath weights

x k
t

β = 1

wv,s,t =
1

n
nv

k+1

∑
j=0

p , j

pv,s
+

n
nv

k

∑
j=2

p , j

pv,s

,

pv, j k j v∈ { , }
k

wv,s,t =
1

wv,s +1+wv,s
,

pv,s/pv,s = 1
wv,s wv,s v

Vertex connection. v = w ,s,t

w ,s =
s−1

∑
j=0

p , j

p ,s
+

n
n

s

∑
j=2

p , j

p ,s

w ,s =
k+1

∑
j=s+1

p , j

p ,s
+

n
n

k

∑
j=s+1

p , j

p ,s
.

p ,s/p ,s = 1

Vertex merging. v = w ,s,t

w ,s =
n
n

s−1

∑
j=0

p , j

p ,s
+

s−1

∑
j=2

p , j

p ,s

w ,s =
n
n

k+1

∑
j=s

p , j

p ,s
+

k

∑
j=s+1

p , j

p ,s
.
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Recursive formulation

wv,s,t =
1

wv,s−1(y)+1+wv,t−1(z)
,

wv,s−1(y) wv,t−1(z)
wv,s wv,s

y z
v = v =

η =
n
n

πr2.

Vertex connection

w ,s =
s−1

∑
j=0

s−1

∏
i= j

←−pi(y)
−→pi(y)

+ η
s

∑
j=2

←−p j−1(y)
s−1

∏
i= j

←−pi(y)
−→pi(y)

,

y

w′ ,0 =
←−p0
−→p0

w′′ ,0 = 0

w′ ,i =
←−pi
−→pi

(
1 + w′ ,i−1

)
w′′ ,i =

←−pi

(
1+

1
−→pi

w′′ ,i−1

)
,

w ,s = w′ ,s−1(y)+η w′′ ,s−1(y).

w′ ,i w′′ ,i
y

w ,0 =
←−p0
−→p0

w ,i =
←−pi

(
η +

1
−→pi

+
1
−→pi

w ,i−1

)

z
w ,s = w ,t−1(z)

w ,s−1(y) w ,t−1(z) w ,s,t
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Vertex merging

w ,s =
1

η
1

−→ps−1(y)

s−1

∑
j=0

s−2

∏
i= j

←−pi(y)
−→pi(y)

+
s−1

∑
j=2

s−1

∏
i= j

←−pi−1(y)
−→pi(y)

.

w ,1 =
1
−→p1

(
1

η
+←−p0

1
η −→p0

)

w ,i =
1
−→pi

(
1

η
+←−pi−1 +

←−pi−1w ,i−1

)

z
w ,s = w ,t−1(z) w ,s−1(y)

w ,t−1(z) w ,s,t
t = k+1− s t = k+2− s

Practical implementation

w ,i w ,i

w ,i w ,i
w ,i w ,i

i ←−pi(y)
pσ(yi|yi+1,yi+2)

←−pi−1(y) yi+1

w ,i w ,i i
i

di di di w ,i w ,i
i+1 i

w ,i =
←−pi

(
η +

1
−→pi︸︷︷︸

di

+
1
−→pi

w ,i−1

︸ ︷︷ ︸
←−pω,i−1 di

)

w ,i =
1
−→pi︸︷︷︸

di

1
η

+←−pω,i−1

←−gi−1
−→pi

(
1+w ,i−1

)

︸ ︷︷ ︸
di

.

←−pi−1 =
←−pω,i−1

←−gi−1
←−pω,i−1

i−1 di
di di

y z
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Subpath vertex data

di di di
y1

z1

y0 z0

y1 : d1 =
p0
p0

1
−→p1

z1 : d1 =
p0
p0

n
−→p1

d1 =
←−g0

p0
−→p1

d1 = 0

d1 =
←−g0

p0
−→p1η

d1 = 0

yi, zi : di =
1
−→pi

di =
←−gi−1
−→pi

(
η + di−1 +←−pω,i−2 di−1

)

di =
←−gi−1
−→pi

(
1 +

di−1
η

+←−pω,i−2 di−1

)
.

p0 p0

n ( ,s,1)
di di w ,i−1 w ,i−1

di di di

Full path weight

y s
z t

wv,s,t =
1

wv,s−1(y)+1+wv,t−1(z)
.

wv,s−1(y) wv,t−1(z)
v ∈ { , }

s>1 t >1
y z
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Vertex merging (s > 1, t > 1). ys−1
zt−1

ys−2 zt−2

ys−1 zt−1

w ,s−1(y) =
ds−1
η

+←−pω,s−2 ds−1

w ,t−1(z) =
dt−1
η

+←−pω,t−2 dt−1.

Vertex connection (s > 1, t > 1). ys−1
zt−1

ys−2

ys−1 zt−1

zt−2
w ,s−1(y) =←−ps−1

(
η +ds−1 +←−pω,s−2 ds−1

)

w ,t−1(z) =←−pt−1
(
η +dt−1 +←−pω,t−2 dt−1

)
.

Vertex connection (s = 0). zt−1

. . .

zt−1
zt−2

w ,s−1(y) = 0

w ,t−1(z) = pt−1 dt−1 + pt−1
←−pω,t−2 dt−1.

Vertex connection (s = 1). zt−1 y0

y0
zt−1

zt−2

w ,0(y) =
←−p0(y)

p0 (y)

w ,t−1(z) =
p0 (y)

p0 (y)
←−pt−1

(
η +dt−1 +←−pω,t−2 dt−1

)
.

Vertex connection (t = 1). ys−1 z0

ys−1

z0
ys−2

w ,s−1(y) =
p0 (z)

p0 (z)

←−ps−1

n
(
η +ds−1 +←−pω,s−2 ds−1

)

w ,0(z) = 0.

n

Reverse pdf evaluation

y0
y1

z0z0
z1

pdf evaluation(VM,2,2)

 sampled path(VC,0,3) (VM,2,2) sampled path

pdf evaluation(VC,0,3)

z1
z2

Figure :z1
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( ,0,3) ←−p0(y)
y0

p(ωy1y0 |z1,ωz0z1) ( ,2,2)

p ,1,2 =
−→p0(y)−→p0(z)−→p1(z) p ,2,1 =

−→p0(y)−→p1(y)−→p0(z)

Special cases

Infinite light sources

y0

y1y1

y0

y⊥
1

light subpath vertex
light subpath direction

a) Approximation b) Solid angle sampling

Figure :

x = !x0x1 . . .xk x0
!x0 y !y0

y⊥
1

!y0
!y0
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y1

• p0 (y)= pσ (!y0) p0 (y)= pσ (!y0)

• ←−p0(y) =←−pω,0(y) = pσ(
!y0|y1,ωy2,y1)

• ←−g0(y) = 1 ←−p0(y) =←−pω,0(y)
• −→p1(y) = p(y⊥

1 )cosθ1→0 θ1→0 y1 −!y0
!zk ≡ !y0 zk−1 ≡ y1

Orthographic cameras

xk
!xk

!z0 ≡ !yk

Point and directional light sources

p ,0,k+1 = 0
d1 y1

y1
z1 n d1

y1 : d1 =
p0
p0

1
−→p1

d1 = 0

d1 = 0.

w ,0(y) = 0

Specular materials
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xi

p(ωxixi+1 |xi,ωxi−1xi) = 1 p(ωxixi−1 |xi,ωxi+1xi) = 1.

xi−1
xi

xi+1 xi−1
xi

xi+1

xi
LS+E

xi

p ,i,k−i+1 = 0 p ,i+1,k−i = 0 p ,i+1,k−i+1 = 0

xi−1
xi

xi+1 xi−1
xi

xi+1 xi−1
xi

xi+1

i−1 i

yi, zi : di = 0

di =
←−gi−1
−→pi

←−pω,i−2 di−1

di =
←−gi−1
−→pi

←−pω,i−2 di−1.

i− 1
di di−1

i−1

Bidirectional path tracing

η = 0
di
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Bidirectional photon mapping

η
di

Extensions

Per-path merging radii

r

r
di di r η

r
di di ci ci

y1 : d1 =
p0
p0

1
−→p1

z1 : d1 =
p0
p0

n
−→p1

c1 =
←−g0

p0
−→p1

c1 = 0

c1 = 0 c1 = 0

yi, zi : di =
1
−→pi

ci =
←−gi−1
−→pi

(
di−1 +←−pω,i−2 ci−1

)

ci =
←−gi−1
−→pi

(
1 +←−pω,i−2 ci−1

)
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ci ci di di i

di = ci +η ci

di =
ci

η
+ ci

η di di

r r

Memory-efficient implementation

2×
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Motion blur and spectral rendering

t
λ x

Î =
f (x, t,λ)
p(x, t,λ)

.

Per-iteration time and wavelength sampling

Vertex merging in time and wavelength

P (x) =
∫

Mr

p(xs−1→x)dx

︸ ︷︷ ︸

·
rt∫

−rt

p(t + t)dt

︸ ︷︷ ︸

·
rλ∫

−rλ

p(λ +λ)dλ

︸ ︷︷ ︸

≈ πr2 p(xs−1→x∗s ) · 2rt p(t ) · 2rλ p(λ ),
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r rt rλ p(t) p(λ)
t λ

t λ

rt rλ

Discussion

Parameter choice

i

ri =
√

s ·A
√

iα−1,

A
s > 0 1

n



Chapter : ΖPSOHPHQWLQJ YHUWH[ FRQQHFWLRQ DQG PHUJLQJ

α = 0.75
α = 1

ri

√
iα−1

Limitations

Reference implementation





Joint Path Sampling
in Participating Media
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Path sampling in media

f (x) = ρ(x)T (x)V (x)G(x),

p(x) = p(x0, . . . ,xk)

f (x)
p(xi| xi) xi
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Existing techniques

G(x,y) = 1/∥x−y∥2

p(ω) p(t)
R p(x) R3 ×

G abcd

Unidirectional sampling
d

p(d)
c ωdc

b ωcb
c p(ωcb |ωdc, c)∝ ρ(c) tcb ωcb

p(tcb |c,ωcb)∝ T (b,c) ωcb tcb
b

p(b |ωdc,c) = p(ωcb |ωdc,c) p(tcb |c,ωcb)G(b,c),

G(b,c) b

p(d)

ρ(a) = L (a→ωab)

Vertex-vertex connection

s
t

tcb (c,ωcb)
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a) Unidir. sampling
   (no connection)

b) Vertex-vertex
    (0 random decisions)

c) Vertex-segment
     (1 random decision)

d) Segment-segment
      (2 random decisions)

b

d
c

a

ωdc

b

d
c

a

ωdc

ωcb

ωba ωab

tdc tdc

tcb
tba tab

b

d
c

a

ωdc

ωab

tdc

tab
b

d
c

a

ωdc

ωab

tdc

tab

transmittance-sampled (sub)path vertex
scattering-sampled (sub)path direction

connection vertex

Figure :

s = 1 t = 1

G(b,c) b c

Vertex-segment connection

b d ωdc d

tdc ωdc c
bc p(tdc |b,d,ωdc) ∝ G(b,c)

T (b,c) V (b,c) T (d,c) V (d,c) ρ(b) ρ(c)

G(b,c)
(d,ωdc) b
ωdc
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Segment-segment connection

a ωab
d ωdc

tab tdc p(tab, tdc |a,ωab,d,ωdc) ∝∼
G(b,c)ρ(b)ρ(c)

tab tdc

Relationship to neutron transport

1/d2

1/ 3
√

N

1/d 1/
√

N



Section : -RLQW SDWK YHUWH[ VDPSOLQJ

Joint path vertex sampling

x a
dx x abcdx a

d b c
x x

a d ωdc
d

a ω a d ωdc

c (d,ωdc) tdc
d (d,ωdc) b

p(x) = p(x ,a,ωdc,d,x )p(b, tdc |ω a,a,ωdc,d)G(c,d),

G(c,d) p(x ,a,ωdc,d,x )

p(x ,a,ωdc,d,x ) = p(x ,a)p(ωdc,d,x )

ω a,a,ωdc,d

Ξ ≡ ω a,a,ωdc,d.

p(b, tdc |Ξ)G(c,d)
f (abcd)

p(b, tdc |Ξ)G(c,d) =CΞ G(abcd)ρ(abc),

CΞ
Ξ G(abcd) = G(a,b)G(b,c)G(c,d) ρ(abc) = ρ(a)ρ(b)ρ(c)

p(b, tdc |Ξ)
ρ(d) ωdc

d

Factorizations of the joint pdf

Ξ
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xl

xe

cd

b

aωla

ωdc
ωcb

ωab

tdc tdc

tcb

tab

cd

b

aωla

ωdc

cd

b

aωla

ωdc

a) Problem statement b) Unidirectional factorization c) Bidirectional factorization

sampled distance/vertex
sampled direction

given vertex
given direction

Figure : a d
b c

Unidirectional factorization
b c tdc c

ωdc ωcb tcb b
c b

d

b c

p(b, tdc |Ξ) = p(tcb,ωcb, tdc |Ξ)G(b,c).

tdc ωcb tcb

p(tdc,ωcb, tcb |Ξ) = p(tdc |Ξ) (U3)

p(ωcb | tdc,Ξ) (U2)

p(tcb |ωcb, tdc,Ξ). (U1)

U

Bidirectional factorization
b c ωab a tab

b tdc c b c

b a

p(b, tdc |Ξ) = p(tab,ωab, tdc |Ξ)G(a,b).
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ωab tab tdc

p(ωab, tab, tdc |Ξ) = p(ωab |Ξ) (B3)

p(tab |ωab,Ξ) (B2)

p(tdc |ωab, tab,Ξ). (B1)

B

Sampling from the joint distributions

Analytic sampling

p(b, tdc |Ξ)G(c,d) =CΞ G(a,b)G(b,c)G(c,d).

p(tcb,ωcb, tdc |Ξ) =CΞ G(a,b).

U1 U2 U3

CΞ (4π)−3
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d d dtdc c

aωla

ωdc ωcb
c

aωla

ωcb

tcb

c

b

aωla

a) Distance sampling
    (double scattering)

b) Direction sampling c) Distance sampling
    (single scattering)

θcb
tca

tca
tda

tda⊥

hda⊥ tca⊥

hca⊥
(U1)(U2)(U3)

sampled distance/vertex
sampled direction

given vertex
given direction

θcb

tca

Figure : tdc
(d,ωdc) c ωcb c

tcb (c,ωcb) b

Derivation of U

p(tcb |ωcb, tdc,Ξ) =
p(tcb,ωcb, tdc |Ξ)

p(ωcb, tdc |Ξ)
.

tcb

p(ωcb, tdc |Ξ) =
∞∫

0

p(tcb,ωcb, tdc |Ξ)dtcb

=

∞∫

0

CΞ G(a,c+ tcbωcb)dtcb =CΞ

∞∫

0

1
t2
ba

dtcb

=CΞ

∞∫

0

1
h2

ca⊥ +(tca⊥− tcb)2 dtcb =CΞ
π−θcb

tca sinθcb
,

hca⊥ a (c,ωcb) tca⊥ c
θcb ωcb c a tca

tcb

p(tcb |ωcb, tdc,Ξ) =
tca sinθcb
π−θcb

1
h2

ca⊥+(tca⊥− tcb)2 .

t2
ba

a ωcb c
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Derivation of U
ωcb

p(ωcb | tdc,Ξ) =
p(ωcb, tdc |Ξ)

p(tdc |Ξ)
.

p(tdc |Ξ) =
∫

S

p(ωcb, tdc |Ξ)dωcb

=

2π∫

0

π∫

0

CΞ
π−θcb

tca sinθcb
sinθcb dθdφ =

CΞπ3

tca
.

ωcb
a c

p(ωcb | tdc,Ξ) =
π−θcb

π3 sinθcb
.

θcb
f f θcb

ωcb
ωcb

Derivation of U
tdc (d,ωdc)

CΞ

∞∫

0

p(tdc |Ξ)dtdc =

∞∫

0

CΞπ3
√

h2
da⊥+(tda⊥− tdc)2

dtdc =

∞∫

0

1
tca

dtdc = 1,

hda⊥ a (d,ωdc) tda⊥
d

tdc (d,ωdc)

CΞ π3 =
1

Ctdc

=
1(

tdc −tda⊥
hda⊥

)
−

(
−tda⊥
hda⊥

) .

tdc

p(tdc |Ξ) =
1

Ctdc

1√
h2

da⊥ +(tda⊥− tdc)2
=

1
Ctdc

tca
,

Ctdc
a

a
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Joint unidirectional pdf

U1 U2 U3

p(b, tdc |Ξ) = p(tcb,ωcb, tdc |Ξ)G(b,c)

=
G(a,b)G(b,c)

π3Ctdc

.

G(abcd)

a d
b a c

p(b | tdc,Ξ) = p(b, tdc |Ξ)/p(tdc |Ξ)

Unidirectional sampling techniques

Sampling from U
tdc (d,ωdc)

tdc

tdc = tda sinh(ξCtdc
) − tda⊥(1+ cosh(ξCtdc

)),

tda =
√

h2
da⊥ + t2

da⊥ d a ξ ∈ [0,1)

Sampling from U
θcb

P(ωcb) =

2π∫

0

θcb∫

0

π−θ
π3 sinθ

sinθdθdφ =
(2π−θcb)θcb

π2 .

θcb

θcb = π(1−
√

ξ1), φcb = 2πξ2,

ξ1 ξ2 θcb φcb
c a z
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Sampling from U
ξ tcb ωcb

b

tcb = tca⊥ +hca⊥ tan
(

ξ(π−θcb)+θcb−
π
2

)
.

Discussion

B1 U1
b ωdc d

B2 B3

Tabulated sampling

ρ = 1/4π

General approach

(c,ωcb)
a ω a

a ω a
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Table parameterization

Pdf parameterization

Unidirectional factorization

p(tcb,ωcb, tdc |Ξ) =CΞ G(a,b)ρ(a)ρ(b)ρ(c).

CΞ

Tabulation for U

tcb

CΞ ρ(c) tcb

p(tcb |ωcb, tdc,Ξ)∝ G(a,b)ρ(a)ρ(b).

(a,c,ω a,ωcb)
ω a
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d c

aωla

b

a) Line tabulation
     (double scattering)

c) Line tabulation
     (single scattering)

(U1)(U3)

sampled distance/vertex
sampled direction

configuration vertextable parameter
configuration direction

x

y

z

a⊥ωdc

ud uc
c

aωla
x

y

z

a⊥
uc

tca

ωcbc

ωla

b) Spherical tabulation

(U2)

x
y

z

ωdc

a

ωcb

θla

θb

ub

Figure :

Table construction.
(c,ωcb) a

a z x
ω a

p(u) u a⊥ a
x

θ = u

p(θ(u)) = p(u)
∣∣∣∣
du
dθ

∣∣∣∣= p(u)
1

G(a,b(u))
∝ ρ(a)ρ(b(u)).

θ ∈ [0;π]

a a

Sampling. (c,ωcb) a ω a
ω a

θb θb ∈ [0; uc]
ub = cotθb

tcb =−uc +ub

p(ub) = p(θb)

∣∣∣∣
dθb
dub

∣∣∣∣= p(θb)
[
G(a,b)hca⊥

]
,

hca⊥ a

Tabulation for U
ωcb c
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p(tdc |Ξ)

p(ωcb | tdc,Ξ)∝
∞∫

0

p(tdc,ωcb, tcb |Ξ)dtcb

∝ ρ(c)
∞∫

0

G(a,b)ρ(a)ρ(b)dtcb

︸ ︷︷ ︸
P(ωcb)

ρ(c) tcb
P(ωcb) U1

ρ(c)P(ωcb)

Table construction.
c z c a x z ω a

ωdc θ a
ω a z

ρ(c)
P(ωcb) P(ωcb)

θ a ωcb P(ωcb)
U1

a c
a

ωu,v = ω(π(1−
√

u),2πv)

p(ωu,v) = p(ω)
∣∣∣∣

dω
dωu,v

∣∣∣∣= p(ω)sinθcb.

g= 0.9 P(ωcb)

Sampling.

(u,v) p(u,v) ωcb = ωu,v

p(ωcb) = p(u,v)
∣∣∣∣
dudv
dωcb

∣∣∣∣= p(u,v)
[

π−θcb
π3 sinθcb

]
.

Special case for ρ(a) = 1/4π. a
θdc ωdc z

θdc
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Tabulation for U

(d,ωdc)

p(tdc |Ξ)∝
∫

S

∞∫

0

p(tdc,ωcb, tcb |Ξ)dtcb dωcb

∝
∫

S

p(ωcb | tdc,Ξ)dωcb.

U2

Table construction.
tcb

v = u

p(v(u)) = p(u)
∣∣∣∣
du
dv

∣∣∣∣= p(u)
√

1+u2 = p(u)ta,

ta a

Sampling. tdc =−ud +uc (d,ωdc)
tcb
ω a vc vc ∈

[0; ud] uc = sinhvc

p(tdc) = p(uc) = p(vc)

∣∣∣∣
dvc
duc

∣∣∣∣= p(vc)

[
1

tca

]
.

Bidirectional factorization

p(ωab, tab, tdc |Ξ) =CΞ G(b,c)ρ(a)ρ(b)ρ(c).

B1 U1
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(B2) (B3)(B1)

ωab

ωabo θabua
ub

θc

sampled distance/vertex
sampled direction

configuration vertextable parameter
configuration direction

b) Line tabulation
     (double scattering)

a) Spherical tabulation c) Line tabulation
     (single scattering)

b b

d

a

a

ωla
x

y

z

x

y

a⊥ωdc

ud
d o⊥ωdc

ud
d c

x

y

z

b⊥ωdc

ud uc

z

Figure :

Tabulation for B
(a,ωab) (d,ωdc)

p(tab |ωab,Ξ) =
p(ωab, tab,Ξ)

p(ωab,Ξ)
∝ p(ωab, tab,Ξ)

=
∫

G(b,c)ρ(a)ρ(b)ρ(c)dtdc ∝
∫

G(b,c)ρ(b)ρ(c)dtdc.

(d,ωdc)
(a,ωab)

b (d,ωdc)

Table construction.
x (a,ωab) (d,ωdc)

o (a,ωab) z ωdc
(a,ωab)

(d,ωdc)

(d,ωdc) θab ωab
ωdc d
(d,ωdc) ud (d,ωdc)

θab
ud u
(a,ωab)

B1

p(u) (a,ωab)
u v = u

p(v(u)) = p(u)
∣∣∣∣
du
dv

∣∣∣∣= p(u)
√

1+u2 = p(u)to⊥ ,
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to⊥
o⊥

d ωdc

Sampling. (d,ωdc) (a,ωab)
θab ud vb

vb ∈ [0; ua] ub = sinhvb
tab =−ua +ub

p(tab) = p(ub) = p(vb)

∣∣∣∣
dvb
dub

∣∣∣∣= p(vb)

[
1

tbo⊥

]
.

Tabulation for B
ωab a

p(ωab |Ξ) =
p(ωab,Ξ)

p(Ξ)
∝

∫
p(ωab, tab |Ξ)dtab

∝ ρ(a)
∫

G(b,c)ρ(b)ρ(c)dtab
︸ ︷︷ ︸

P(ωab)

ρ(a) tab U2
P(ωab) B2

ρ(a)P(ωab)

Table construction.
a z ωdc x

ω a d ωdc
ud

a

U2
ud

z sin−1 θ
ωu,v = ω(π

√
1−u,2πv)

p(ωu,v) = p(ω)
∣∣∣∣

dω
dωu,v

∣∣∣∣= p(ω)sinθab.

Sampling. (d,ωdc) a

ud (u,v) p(u,v) ωab = ωu,v

p(ωab) = p(u,v)
∣∣∣∣
dudv
dωab

∣∣∣∣= p(u,v)
[

1
2π2 sinθab

]
.
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U1 B1 θ a φ a ub
U2 θ a ωcb
U3 θ a φ a uc
B2 ud θab ub
B3 ud θ φ

Table :

Unidirectional path tracing

1 random decision

U1

U1

× ×

2 and 3 random decisions
U2 U3
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× ×

×

Virtual ray lights

U1 U2 U3

Bidirectional path tracing
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x x

1 and 2 random decisions

B1 B2

a ωab
d ωdc

tab tdc
G(b,c) ρ(b)ρ(c)

× ×

Discussion

Variance due to other terms
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Longer connections

Anisotropic light sources

a

Convergence rates

1/ 3
√

N 1/
√

N
1/
√

N

1/
√

N
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(ours)

3-connection
(ours)
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1-connection
(ours)
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(ours)
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Anisotropic medium, g = 0.9 (30 min)Isotropic medium (15 min)

Figure :
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3-conn. (tabulated)1-conn. (on-the-fly) 3-conn.1-conn.
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Importance sampling for many-light rendering
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