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Non-linear sphere tracing for rendering deformed signed distance fields

Transmittance

�8Integral formulations of volumetric transmittance

a b

T (a, b) =
L(a)

L(b)
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Transmittance

�9Integral formulations of volumetric transmittance
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a
µ(x)dx
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�12Integral formulations of volumetric transmittance
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Naive Monte Carlo
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Our contributions
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• 3 integral formulations 
• Rendering analogies 
• MC design decisions

T (a, b) =

Z
. . .
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Deriving an integral formulation
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Z b

a
�dL(x)

dx
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�µ(x)L(x)dx
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First integral formulation
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Visualizing an estimator

�19Integral formulations of volumetric transmittance
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Visualizing an estimator
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Analogy to previous work

�21Integral formulations of volumetric transmittance

a b µ(x)
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Ratio tracking*

*[Novák et al. 2014]  
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Analogy to rendering
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a

b

Path Tracing (Fredholm)Path Tracing*Volterra L(!) = Le(!) +

Z

⌦
fr(!j)cos(✓)L(!j)d!j

<latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit><latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit><latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit><latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit>

extinction 
lookup

BRDF 
evaluations

*[Kajiya 1986]  

  



Non-linear sphere tracing for rendering deformed signed distance fields

Better estimators?

�23Integral formulations of volumetric transmittance

a

b

Path Tracing (Fredholm)

a b

Volterra Path Tracing w/ NEE (Fredholm)

Next flight*

*[Cramer 1978]  
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So far

�24Integral formulations of volumetric transmittance

• Volterra integral formulation 
• Previous work 
• Unidirectional path tracing analogy
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Other integral formulations

�25Integral formulations of volumetric transmittance

T (a, b) = 1 +

Z b

a
�µ(x)T (x, b)dx
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Volterra Rendering Equation
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Other integral formulations

�26Integral formulations of volumetric transmittance

T (a, b) = 1 +

Z b

a
�µ(x)T (x, b)dx
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Volterra Rendering Equation

Ij =
1X

k=0

JkLe
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Other integral formulations

�27Integral formulations of volumetric transmittance

Neumann Series*

T (a, b) = 1 +

Z b

a
�µ(x)T (x, b)dx
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Power series formulation

�28Integral formulations of volumetric transmittance

Single-termPrefix-sum

T (a, b) =
1X

k=0

(�⌧)k
1

k!
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Other integral formulations

�29Integral formulations of volumetric transmittance

Neumann Series

T (a, b) = 1 +

Z b

a
�µ(x)T (x, b)dx

<latexit sha1_base64="xHhmqj1dfl4A3elOrVzeTfuAOC4="></latexit><latexit sha1_base64="xHhmqj1dfl4A3elOrVzeTfuAOC4="></latexit><latexit sha1_base64="xHhmqj1dfl4A3elOrVzeTfuAOC4="></latexit><latexit sha1_base64="xHhmqj1dfl4A3elOrVzeTfuAOC4="></latexit>

L(!) = Le(!) +

Z

⌦
fr(!j)cos(✓)L(!j)d!j

<latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit><latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit><latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit><latexit sha1_base64="MPDqUHk5naFF23GUNjRY0azwwog="></latexit>

Volterra Rendering Equation

Ij =
1X

k=0

JkLe

<latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="NhcBQwwjwcMHCV7xzC1THJmeUzw="></latexit><latexit sha1_base64="Y/0vSH7jzT8yI8aWXtWETrQPqrU="></latexit><latexit sha1_base64="Y/0vSH7jzT8yI8aWXtWETrQPqrU="></latexit><latexit sha1_base64="bzlG8MxTZ9Yq1oiSM1gLA5+xb8I="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit><latexit sha1_base64="X69n9O6jqaHyE/kXl5EWmGqLZ3k="></latexit>

Power-series
T (a, b) =

1X

k=0

(�⌧)k
1

k!
<latexit sha1_base64="OrNh+m1J+E4Y+yZuO0WZCA5KRew="></latexit><latexit sha1_base64="OrNh+m1J+E4Y+yZuO0WZCA5KRew="></latexit><latexit sha1_base64="OrNh+m1J+E4Y+yZuO0WZCA5KRew="></latexit><latexit sha1_base64="OrNh+m1J+E4Y+yZuO0WZCA5KRew="></latexit>

Path Integral*
Ij =

Z

⌦
f(x)dµ(x)

<latexit sha1_base64="wo2VkHNo3Y2ebKSg9VUBOEfRTZc="></latexit><latexit sha1_base64="wo2VkHNo3Y2ebKSg9VUBOEfRTZc="></latexit><latexit sha1_base64="wo2VkHNo3Y2ebKSg9VUBOEfRTZc="></latexit><latexit sha1_base64="wo2VkHNo3Y2ebKSg9VUBOEfRTZc="></latexit>*[Veach 1997]



Non-linear sphere tracing for rendering deformed signed distance fields

Other integral formulations

�30Integral formulations of volumetric transmittance

Neumann Series

T (a, b) = 1 +

Z b

a
�µ(x)T (x, b)dx
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Hypercube integral formulation

�31Integral formulations of volumetric transmittance

a

a

b

b

Hypercube (bidirectional MIS) Bidirectional path tracing*

*[Veach and Guibas 1994]
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Estimator summary

�32Integral formulations of volumetric transmittance

Track-length
Ratio tracking
Next-flight

Unidirectional-MIS
Bidirectional-MIS

P-series ratio
P-series next-flight
P-series cumulative
P-series CMF

Volterra

Power series

Hypercube

Ours are in green
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Results

�33Integral formulations of volumetric transmittance
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Majorant / upper control

�34Integral formulations of volumetric transmittance

µ(x)
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Tight upper control

�35Integral formulations of volumetric transmittance



Ratio tracking Next-flight

P-CMF

RMSE: 1.3e-2 RMSE: 3.6e-3

RMSE: 1.7e-6
Reference
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Loose upper control

�37Integral formulations of volumetric transmittance



Ratio tracking Next-flight

P-CMF

RMSE: 1.1e-2 RMSE: 1.0e-1

RMSE: 1.1e-2
Reference
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Non-bounding upper controls

�39Integral formulations of volumetric transmittance



Ratio tracking (1x max) P-series Cumulative (1x max)

P-series Cumulative (0.5x max)

RMSE: 1.0e-2 RMSE: 8.3e-3

RMSE: 8.6e-3
Ratio tracking (0.5x max)

RMSE: 2.7e-2
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Stratification

�41Integral formulations of volumetric transmittance



Ratio tracking (independent) P-series ratio (independent)

P-series ratio (stratified)

RMSE: 1.4e-2 RMSE: 1.4e-2

RMSE: 6.4e-3
Ratio tracking (stratified)

RMSE: 7.9e-3
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Best estimator?

�43Integral formulations of volumetric transmittance

• There is no “best” estimator 
• Loose controls - ratio 
• Non-bounding controls - power series cumulative 
• Other cases - power series CMF
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Conclusion

�44Integral formulations of volumetric transmittance

• Integral formulation for transmittance 
• Allows for flexible estimator design 
• Re-formulated previous work 
• 4 novel estimators
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Future work

�45Integral formulations of volumetric transmittance

• Non-exponential media 
• Application of the different integral formulations to 

sample scattering events 
• More MIS estimators
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