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Abstract
Efficient Monte-Carlo estimation of volumetric single scattering remains challenging due to various sources of variance, in-
cluding transmittance, phase-function anisotropy, geometric cosine foreshortening, and squared-distance fall-off. We propose
several complementary techniques to importance sample each of these terms and their product. First, we introduce an extension
to equi-angular sampling to analytically account for the foreshortening at point-normal emitters. We then include transmittance
and phase function via Taylor-series expansion and/or warp composition. Scaling to complex mesh emitters is achieved through
an adaptive tree-splitting scheme. We show improved performance over state-of-the-art baselines in a diversity of scenarios.

CCS Concepts
• Computing methodologies → Rendering;

1. Introduction

Simulating single scattering in volumetric participating media is a
long-standing problem in image synthesis where effective numer-
ical solutions exist in only limited contexts. These include some
recent importance sampling methods whose simplicity and efficacy
have earned them notable adoption in the industry. However, the
single-scattering problem involves many terms, yet existing impor-
tance sampling methods tend to focus on only a small subset of
them, remaining susceptible to high estimation variance.

Computing single scattering often requires integrating the contri-
bution of a point emitter – potentially attached to a surface – along
a camera ray. Estimates of this contribution can suffer from vari-
ance due to various factors: geometric terms, transmittance along
the path, phase function anisotropy. Here, techniques exist to in-
dividually importance sample some of these terms. Our goal is to
approach a full-product sampling solution that incorporates varia-
tions due to their composition. Concretely, our contributions are:
• a new point-normal primitive to analytically sample the fore-

shortening and inverse-squared fall-off for an oriented emitter;
• an extension of point-normal sampling to include transmit-

tance and/or phase function without pre-tabulation; and,
• improved performance compared to the state of the art, sup-

porting scalable solutions for mesh lights.

Our approach is based on (non-uniform) sampling in the angu-
lar domain subtended by the point emitter and the ray [KF12]. Our
derivations assume emitters contained in a homogeneous partici-
pating media; the resulting estimators remain unbiased for emitters
outside the media and/or heterogeneous media, at the cost of extra
variance.

2. Related work

Our work focuses on the contribution of a point emitter along a
ray in scattering media. While analytical solutions exist in certain
settings [PP09], we seek low-variance importance sampled Monte-
Carlo estimators. Below, we summarize the most relevant prior art;
we refer to Novak et al. [NGHJ18] for a thorough review.

Distance sampling. A classical approach for sampling distances
in media is proportionally to transmittance [PJH16]. Equi-angular
sampling instead targets the inverse squared distance fall-off of a
given point source [KF12]. The two techniques can be combined
via multiple importance sampling [VG95], which however corre-
sponds to sampling from their mixture. Our work aims to develop
techniques that directly treat the product of multiple contributing
terms, such as the geometry factor (combining the inverse square
fall-off with a cosine foreshortening at the emitter), transmittance
(along with view and emission path segments), and phase function.

Product sampling. Many works address the importance sampling
of a product of terms. Most recently, Hart et al. [HPM∗20] com-
posed individual sampling routines to approximate their product
in a surface-illumination setting; we utilize their method for volu-
metric scattering. Bitterli et al. [BWP∗20] improved the efficacy of
importance resampling [TCE05], leveraging inter-pixel and inter-
frame sample reuse in a well-founded manner. Our approach re-
mains compatible with that reuse strategy.

Georgiev et al. [GKH∗13] proposed an inversion- and tabulation-
based method to importance sample volumetric paths of up to
two bounces. For more bounces, path guiding is a general poste-
rior sampling approach using cached radiance distributions in the
scene. Herholz et al. [HZE∗19] presented a volume path guiding
method based on zero-variance random walks, whereas Deng et
al. [DWWH20] adapted practical path guiding [MGN17] to media.
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Emitter sampling. Analytic methods for sampling illumination
from polygonal emitters exist [Arv95, UnFK13], but more com-
plex emitter shapes require numerical solutions. Estevez and
Kulla [EK18] proposed traversing a tree of light-source primitives,
accounting for emitter orientation and distance through hierarchi-
cal importance sampling [MH97]. Yuksel [Yuk20] instead used
a tailored importance function to avoid splitting during traversal.
Vevoda et al. [VKK18] included a visibility factor that is continu-
ously updated during emitter sampling using Bayesian statistics.

3. Angular-domain importance sampling

We start by considering single scattering in media due to a point
sourcep at all locationsr t = x + t � www along an eye rayr = ( x;www):

L =
Z tmax

tmin

Le(p; r t )r (x; r t ;p)T(x; r t )T(r t ;p)G(r t ;p)
f (t)

dt; (1)

whereLe is the emitted radiance,r (x; r t ;p) is the phase function
(including the scattering coef�cientµs(r t )), T(x;y) = e�

Ry
x µt(z) dz

is the volumetric transmittance, andµt is the extinction coef�-
cient. In the geometry factorG(r t ;p) = N(p; r t )=kp � r tk2, the
termN(p; r t ) is the light-source cosine foreshortening if the point
sourcep is on a surface and 1 otherwise. The integration bounds
f tmin; tmaxg are determined by the ray's entry and exit points.

Solving Eq. (1) requires numerical estimation in the general
case. To that end, Kulla and Fajardo [KF12] proposed to �rst con-
vert the integration to an angular domain, whereq is the angle
subtended by the point sourcep along the ray, as in Fig. 1, left.
The derivative of the associated transformationt(q) = htanq+ th
is d

dqt(q) = h2+( htanq)2

h = kp� r t k2

h , whereh is the (perpendicular)
distance between the pointp and the rayr , andth is the offset ofp's
projection from the ray originx. Applying this change of variable
to Eq. (1), and also assuming uniform emission pro�les, yields the
integral

L =
Z qmax

qmin

f (t(q))
d
dq

t(q) dq =
Le

h

Z qmax

qmin

r (q)T(q)N(q) dq; (2)

where the squared distancekp � r tk2 term in the transformation
derivative and in theG factor cancels out [KF12]. Moving to the
angular domain thus eliminates variation due to this (now canceled)
term; in turn, estimators for Eq. (2) will implicitly importance sam-
ple the inverse square of that distance. The cosine foreshortening,
transmittance, and phase function are now also parameterized by
the angleq; we de�ne them below in Eqs. (4), (8) and (9). The
integration domain can be clamped based onf tmin; tmaxg and the
directional emission pro�le of the light source modeled byN(q).
The resulting angular boundsf qmin;qmaxg exclude regions where
the emitter is back-facing the ray.

The general one-sample Monte-Carlo estimator for Eq. (2) has
the form

hLi =
Le

h
�

r (q)T(q)N(q)
p(q)

; (3)

whereq 2 [qmin;qmax] is sampled with densityp(q). Kulla and Fa-
jardo [KF12] used a uniform densityp(q) = 1

qmax� qmin
, and the re-

sulting equi-angularsampling technique is a straightforward and

tmin th t
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Figure 1: Single-scattering integration from a point sourcep
along a ray(x;www), parameterized by the angleq subtended at the
source (left). Whenp is on a surface, a foreshortening term ap-
pears that equals the dot product between the (blue)q-direction
vector and the projectionn? of the surface normal onto the plane
throughp and the ray (top right). The phase functionr can also be
easily parameterized byq (bottom right).

powerful method in the toolkit of volumetric rendering. However,
this uniform distribution does not importance sample any of the re-
maining contribution terms in Eq. (3). In the remainder of this sec-
tion, we present our main contribution, which comprises a series
of methods to importance sample these terms through non-uniform
sampling ofq.

3.1. Analytical point-normal sampling

When the point sourcep is on a surface, the foreshortening factor
N(p; r t ) = N(q) is the cosine of the angle between that surface's
normaln and the vectorr t � p. In the local frame(p;www;h), where
h is the direction fromp toward the ray, the coordinates of that
normalized vector are(cosq;sinq;0). Since the last coordinate is
zero, the sought cosine equals the dot product between the 2D vec-
torsqqq = ( cosq;sinq) and the projectionn? = ( n � h;n � www) of the
normal onto the planewwwh (see Fig. 1, top right):

N(q) = qqq� n? = ( n � h) cosq+ ( n � www) sinq: (4)

Our aim is to sample an angleq proportionally toN(q):

pN(q) = acosq+ bsinq; a=
n�h
n

; b=
n�www

n
; n=

Z qmax

qmin

N(q) dq; (5)

PN(q) = a(sinq� sinqmin) � b(cosq� cosqmin); (6)

wherepN(q) andPN(q) are respectively the desired PDF and CDF.
We can sample an angleq from this density by transforming canon-
ical uniform variatesx 2 [0;1) using the inverse CDF:q = P� 1

N (x).
Symbolic inversion of Eq. (6) yields the expression

q = arctan
�

jajc � sgn(a)bd
� bc � djaj

�
; (7)

wherec = x + asinqmin � bcosqmin andd =
p

a2 + b2 � c2. This
expression provides twoq values, only one of which is between
qmin andqmax and is thus our valid, retained sample.
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3.2. Approximate product sampling

In homogeneous media we can evaluate the transmittance over the
entire path length,t + kp � r tk = htanq+ th + hsecq, as a function
of q (see Fig. 1, left). For the Henyey-Greenstein phase function
r HG, which is already a function of angle, theq reparameterization
is straightforward (see Fig. 1, bottom right), completing the de�ni-
tion of the terms in the Monte Carlo estimator (3):

T(q) = e� µt(h(tanq+ secq)+ th) = e� µth(tanq+ secq)e� µtth; (8)

r (q) = r HG

�
q+

p
2

�
=

1
4p

1� g2

(1+ g2 + 2gsinq)3=2
; (9)

where we have used cos(q+ p=2) = � sinq to simplify the expan-
sion of r HG, parameterized by the anisotropyg. Note that inT(q)
only the left exponential term is a function ofq, and it also depends
on a single parameter,µth. The right exponential is a scaling factor
that would cancel out shouldT(q) be normalized to a valid PDF.

While the foreshorteningN(q) can be sampled analytically, the
above two terms do not admit analytic solutions inq and require
approximation. (Note thatr HG admits analytic sampling only over
the sphere, facilitated by the sinq factor in the Jacobian determi-
nant of the change of variables from solid angle to spherical coor-
dinates.) To that end, we derive analytically integrable polynomial
approximations of the transmittance and phase function for ef�cient
importance sampling.

Polynomial expansion.Our �rst approximation is a Taylor expan-
sion aroundq0 = 0; a functionf (q) is approximated by

T f (q) =
order

å
k= 0

f (k)(0)
k!

qk: (10)

We considerf being eitherr or T. The expansion can be multi-
plied with N(q) (4) to model the product with the emitter cosine
foreshortening. The PDF and CDF of that product are respectively

pN� f (q)=
N(q) T f (q)

CN� f (qmin;qmax)
; PN� f (q)=

CN� f (qmin;q)
CN� f (qmin;qmax)

; (11)

whereCN� f (a;b) =
Rb

a N(q)T f (q) dq. Analytical expressions for
CN� f exist for f 2 f r ;Tg, which can be obtained through integra-
tion by parts or a computer algebra system. The full derivation of
those expressions can be found in the supplemental document.

Sampling still requires inverting the CDFPN� f , which is gen-
erally infeasible analytically. Fortunately, the numerical Newton-
Raphson inversion technique is ideally suited to the monotonic
shape of CDFs. We employ an additional interval bisection to safe-
guard against out-of-range solution estimates due to small CDF
derivatives, as described by Ureña and Georgiev [UG18].

We considered performing the Taylor expansion aroundq0 =
(qmin + qmax)=2, but the improved accuracy did not offset the in-
creased expansion complexity. The choice of expansion order also
impacts the approximation quality, especially away from the ex-
pansion point: higher orders provide better approximations but at
an increased computational cost. Even a costly order-14 approx-
imation T f can signi�cantly overshoot the ground truth and also
produce negative values. Forf 2 f r ;Tg, we found that such gross
inaccuracies occur for anglesq 2 [qclamp;qmax] where the original
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Figure 2: Plots of the transmittance(8) (top) and phase func-
tion (9) (bottom) and their Taylor expansions. The angleq varies
horizontally and the con�guration parameters, µth and g respec-
tively, vary vertically. For highq values (not too often encountered
in practice), the expansions (middle) can overshoot the ground
truth or have negative values (in red). To that end, for each of the
two functions we �nd theqclamp values where these issues begin
occurring, which we plot as dotted curves. For each con�guration
(i.e. scanline) we then replace the Taylor expansion atq > qclamp
by a constant function: the expansion value atqclamp (right).

functiong actually has a simple, near-constant shape. We thus set
T f (q) to a constant function with valueT f (qclamp) inside the in-
terval[qclamp;qmax]. The value ofqclamp depends on the geometric
con�guration and the expansion order. For order-6 expansion of
transmittance and phase function, we have �tted curves forqclamp
as functions of the con�guration parameters (see Fig. 2):

qclamp;T = e0:210824� 0:15974µth; (12)

qclamp;r = 18:82� 93:9g+ 184:2g2� 160:2g3+ 51:77g4: (13)

We have obtained these curves by �rst manually identifying good
qclamp values for many con�gurations (i.e. vertical coordinates in
Fig. 2) and then seeking for the best-�t expression across a range of
simple function parameterizations. This constant-function �x im-
proves the expansion accuracy without increasing its order.

Polynomial interpolation. An alternative way to construct a poly-
nomial PDF approximation forf (q) is via interpolation. Hart et
al. [HPM� 20] proposed to build a quadratic Bezier PDF interpolant
by evaluatingf at three locations:qmin, (qmin + qmax)=2, andqmax.
The corresponding CDF polynomial is then cubic and analytically
invertible. We use double precision for the inversion to avoid poten-
tial loss of precision in cases where the coef�cient ofq3 is small.

Warp composition. The two aforementioned approximation
schemes have mild requirements on the given functionf : dif-
ferentiability for Taylor expansion and evaluability for interpo-
lation. They could thus be used to importance sample not only
the individual contribution terms in the radiance estimator (3) but
also their full product. However, high ef�ciency requires a low-
order approximation, which is not suf�ciently expressive to pro-
vide effective importance sampling of that product. Instead, we
follow Hart et al. [HPM� 20] to perform approximate product sam-
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